This paper is concerned with the interior regularity for nonlinear sub-elliptic systems with Dini continuous coefficients under superquadratic controllable growth conditions in Carnot groups. We adapt the technique of the A-harmonic approximation to the case of sub-elliptic systems in divergence form, and we show a partial regularity result for weak solutions. In particular, our result is optimal in the sense that in the case of Hölder continuous coefficients we obtain directly the optimal Hölder exponent for the horizontal gradient of weak solutions on its regular set.
Introduction and statements of main results
In this paper, we consider the following nonlinear sub-elliptic systems under superquadratic controllable growth (m > ) conditions in Carnot groups G in divergence form: Under the coefficients A α i assumed to be Dini continuous, the purpose of this paper is to establish optimal partial regularity to the system (.) under the superquadratic controllable growth conditions. Such an assumption is much weaker than the assumption of Hölder continuity; see [, ] for the case of sub-elliptic systems. More precisely, we assume for the continuity of A We employ the method of an A-harmonic approximation to investigate the sub-elliptic system (.) under this weaker assumption, and we establish optimal partial regularity results: Roughly speaking, assume additionally to the standard hypotheses (see precisely (H), (H), and (H) below) that ( + |p|) 
). Let u ∈ HW
,m ( , R N ) be a weak solution of (.). Then u is of class C  outside a closed singular set Sing u ⊂ of Haar measure . Furthermore, for ξ  ∈ \ Sing u, the derivative Xu of u has the modulus of continuity r → M(r) in a neighborhood of ξ  . Our result is optimal in the sense that when μ(ρ) = ρ γ ,  < γ < , we have M(r) = γ - r γ , and ,γ regularity is known to be optimal in that case; see [] .
As is well known, one, in general, cannot expect that weak solutions of the sub-elliptic system (.) will be classical, i.e. C  -solutions, even under reasonable assumptions on A 
where we write A
is uniformly elliptic, i.e. for some λ >  we have
(H) There exist a modulus of continuity μ : (, +∞) → [, +∞) and a nondecreasing function κ : [, +∞) → [, +∞) such that
(H) The term B α satisfies the superquadratic controllable growth condition
where c is a positive constant, and r = mQ Q-m if m < Q; or Q ≤ r < +∞ if m = Q. Without loss of generality we can assume κ ≥  and that (μ) μ is nondecreasing with μ(+) = , μ() = ; (μ) μ is concave, in the proof of the regularity result we have to require that r → r -γ μ(r)
is nonincreasing for some exponent γ ∈ (, );
Note that (H) one infers
and there exists a continuously nonnegative and bounded function ω(s, 
Further (H) allows us to deduce the following inequality; see [] for more details:
with a positive constant λ  . To obtain partial regularity for weak solutions, the key point is to establish an excessdecay estimate for the functional
here we write ffl 
Then there exists a relatively closed set Sing u ⊂ such that u ∈ C  ( \ Sing u, R N ). Furthermore, Sing u ⊂  ∪  and Haar meas ( \ Sing u) = , where
In addition, for τ ∈ [γ , ) and ξ  ∈ \ Sing u the horizontal derivative Xu has the modulus of continuity r → r τ + M(r) in a neighborhood of ξ  .
Preliminaries
A Carnot group G of step r is a simply connected, nilpotent Lie group whose Lie algebra G admits a stratification, i.e.,
For the sake of simplicity, we let
. . , X k } be the basis of left-invariant vector fields of V  , and denote by ∇ G = (X  , . . . , X k ) the sub-elliptic gradient. We will say that X i (i = , . . . , k) are the horizontal vector fields with the form
. . , N ) be a horizontal direction derivative, and say that Xu is the horizontal Jacobian with entries X i u α .
Denoting
the distance from the origin is defined by
is the inverse of η, and • is the multiplication rule in G defined by ξ
Then HW ,p ( ) is a Banach space with the norm
showed the following Poincaré type inequality related to Hörmander's vector
where
Note the fact that the horizontal vectors X i defined in (.) fit the Hörmander's vector fields, and that (.) is valid for
Hölder's inequality, it follows for any r with
where  < α <  with
, we have the corresponding properties for η: (η) η is continuous, nondecreasing and η() = ; (η) η is concave, and r → r -γ η(r) is nonincreasing for some exponent γ ∈ (, );
From the fact that η is nondecreasing we conclude sη(t) ≤ sη(t) for all  ≤ t ≤ s. We use the nonincreasing property of r → η(r) r and η() ≤ . Combining both cases we get
It yields particularly that η(t) ≤ 
H(t) for all t ≤ , and t → t -γ H(t) is also nonincreas-
ing.
In the sequel, we let ρ  (s, t)
The constant C may vary from line to line. Note that ρ  ≤  and that s → ρ  (s, t), t → ρ  (s, t) are nonincreasing functions.
Caccioppoli type inequality
In this section, we begin by introducing the A-harmonic approximation lemma, and the proof is similar to [] , also see Föglein [] with p =  in the Heisenberg group. We mainly prove the Caccioppoli type inequality for weak solutions of the systems (.) with controllable growth conditions.
Lemma  Let λ and L be fixed positive numbers, and k, N ∈ N with k ≥ . Assume for any given ε > , there exists δ = δ(k, N, λ, ε) ∈ (, ] with the following properties:
Then there exists an A-harmonic function h such that
Shores in [] established the following prior estimate for the weak solution u to the sub-elliptic systems with constant coefficients in Carnot groups: 
holds, where
Proof We test the sub-elliptic system (.) with the testing function ϕ = φ
, and φ ≡  on B ρ (ξ  ). This yieldŝ
Adding this to the equations -ˆB
we havê
with the obvious labeling for I-V .
The left hand side of (.) can be estimated via the uniformly elliptic condition (H)
(also see (.)),
For ε >  to be fixed later we have, using the version (.) of (H), and Young's inequality,
Using Jensen's inequality, (.), and the fact that η(ts) ≤ tη(s) for t ≥ , we arrive at
where κ(·) is abbreviation of the function κ(|u  | + |p  |). Also note that (.) in the second last inequality is applied with the assumption R < ρ m/  (|u  |, |p  |) ≤ . Using the Dini continuity condition (H), Young's inequality, and (.) in II, we obtain
Similarly,
and
where we have used κ ≥  in the last inequality. Finally, the term V can be estimated by using the controllable growth condition (H), Hölder's inequality, and Young's inequality. This yields
where we have used the fact |Xϕ|
Applying these estimates to (.), we obtain
, where = λ  -(C +  +  m- )ε. The conclusion follows by choosing suitable ε such that > . We refer to [] for a similar and detailed argument.
Proof of main theorem
In this section, we will complete the proof of the partial regularity results via the following lemmas. In the sequel, we always suppose that u ∈ HW ,m ( , R N ) with m >  is a weak solution to (.) with the assumptions of (H)-(H), and (μ)-(μ). First of all, we provide a linearization strategy for nonlinear sub-elliptic systems as in (.).
Proof We first write
Xϕ α dξ =  and using the weak form of u, we conclude
with the obvious meaning of I-IV . In order to estimate the term I, we use (.) and (.) to first get
Using (.), Hölder's inequality, the fact that t → ω  (s, t) is concave, and Jensen's inequality, we have
where we have used the fact m m- <  and the assumption (ξ  , ρ, p  ) ≤ . The term II can be estimated using the Dini continuity condition (.) and the fact that η(ts) ≤ tη(s) for t ≥ . We have
where we have used the fact that η(ρ
, which follows from the nondecreasing property of the function η(t), (η), and our assumption ρ ≤ ρ  ≤ . Similarly, it follows that by using (.), (.), and the Poincaré inequality (.) in the special case
Note that by the assumption sup B ρ (ξ  ) |ϕ| ≤ ρ  ≤  and (η), we have
where we have used r - ≥ m( -/r) and η(s) ≤  for s ∈ (, ].
Combining the estimates (.)-(.) with (.), we obtain the conclusion with
The following lemma is to establish the excess improvement of the functional as in (.). The strategy of the proof is to approximate the given solution by A-harmonic functions, for which suitable decay estimates are available from the classical theory.
Lemma  Assume that the conditions of Lemma  and the following smallness conditions
hold:
with C  = C   C  , together with the radius condition
Then we have the following excess improvement estimate with τ ∈ [γ , ):
where we have abbreviated (ξ  , r) = (ξ  , r, (Xu) ξ  ,r ), and K
with C  >  in Lemma . Then we have Xw = σ - (Xu -(Xu) ξ  ,ρ ). Now we consider
In consideration of the smallness condition (.), we see that (.) and (.) imply the conditions (.) and (.) in Lemma , respectively. Also note that assumptions (H) and (H) with u = u ξ  ,ρ , and p = (Xu) ξ  ,ρ , imply the conditions (.). So there exists a A
Using Lemma  on the ball B θρ (ξ  ) with u  = u ξ  ,θρ , θ ∈ (, /], and replacing p  by (Xu) ξ  ,ρ + σ (Xh) ξ  ,θρ , we obtain
Note that the smallness conditions (. 
Furthermore, it follows by Poincaré inequality (.)
where we have used the definition of σ (.) and the fact C  > C p .
Recall that g(τ ) =´B θρ (ξ  ) (u -τ )  dξ has a minimal value at τ = u ξ  ,θρ . Noting that u -
has mean value u ξ  ,θρ on the ball B θρ (ξ  ), and using the definition of w, and Poincaré inequality (.), we have 
Then it follows |Xu -P|  + |Xu -P| m dξ
